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   p data


  𝒟 = {  𝒙   [ n ]  }  n = 1 N


   [ n ]


   p 𝜃


  𝜃


  p ( x )


    ∑ x  p ( x ) = 1


  p ( x ) ≥ 0 , ∫ p ( x ) d x = 1 , P ( a ≤ X ≤ b ) =   ∫ a b  p ( x ) d x .


  X


  x


   [ 0 ,  0 . 5 ]


  2 × 0 . 5 = 1


   [  0 . 1 ,  0 . 3 ]


  2 × 0 . 2 = 0 . 4


   p 𝜃 ( 𝒙 ∣ c )


  c


  𝒙


   p 𝜃 ( 𝒙 )


  𝒙


  𝒛 =  f 𝜙 ( 𝒙 )


   𝒙 ~


  𝒛 ~ p ( 𝒛 ) ,  𝒙 ~ =  g 𝜃 ( 𝒛 ) .


  𝒛


  𝜃


   g 𝜃 ( 𝒛 )


   X 1 ,  X 2


  p (  x 1 ) > 0


  p (  x 2 ∣  x 1 ) =   p (  x 1 ,  x 2 )  p (  x 1 ) ⟹ p (  x 1 ,  x 2 ) = p (  x 1 ) p (  x 2 ∣  x 1 ) .


   x 1


  p (  X 1 = 0 ) = 0 . 6


  p (  X 1 = 1 ) = 0 . 4


   x 1


  p (  X 2 = 0 ∣  x 1 )


  p (  X 2 = 1 ∣  x 1 )


  p ( 0 , 0 ) = 0 . 48 , p ( 0 , 1 ) = 0 . 12 , p ( 1 , 0 ) = 0 . 10 , p ( 1 , 1 ) = 0 . 30 .


   ( 1 , 0 )


  p ( 1 , 0 ) = 0 . 4 × 0 . 25 = 0 . 10


   p 𝜃 ( 𝒙 ) =   ∏  i = 1 d   p 𝜃 (  x i ∣  x 1 , … ,  x  i − 1 ) .


   𝔼  X ~ q [ h ( X ) ] =   ∑ x  q ( x ) h ( x ) .


  q


  h


  ∫ q ( x ) h ( x ) d x


  q ( A ) = 0 . 75 , q ( B ) = 0 . 25


  h ( A ) = 0 , h ( B ) = 4


  0 . 75 × 0 + 0 . 25 × 4 = 1


  q


   1 N   ∑  n = 1 N  h (  x   [ n ] )


   h 𝜃 ( 𝒙 ) = ln  p 𝜃 ( 𝒙 )


  𝜃


    m a x 𝜃  1 N   ∑  n = 1 N ln  p 𝜃 (  𝒙   [ n ] ) .


  q =  p data


   D KL ( q ‖  p 𝜃 ) =  𝔼 q  [ ln   q ( X )   p 𝜃 ( X ) ] .


  q =  p data


   D KL ( q ‖  p 𝜃 ) =   ∑  x : q ( x ) > 0  q ( x ) ln   q ( x )   p 𝜃 ( x ) .


  q


  q = ( 0 . 75 , 0 . 25 )


  p = ( 0 . 5 , 0 . 5 )


   D KL ( q ‖ p ) = 0 . 75 ln 1 . 5 + 0 . 25 ln 0 . 5 ≈ 0 . 130812 .


  0 . 5 ln ( 2 / 3 ) + 0 . 5 ln 2 ≈ 0 . 143841


  q ( x ) > 0


   p 𝜃 ( x ) = 0


   D KL ( q ‖  p 𝜃 ) =  𝔼 q [ ln q ( X ) ] −  𝔼 q [ ln  p 𝜃 ( X ) ] .


  q


  C =  𝔼 q [ ln q ( X ) ] =   ∑ x  q ( x ) ln q ( x )


  𝜃


  C −  𝔼 q [ ln  p 𝜃 ( X ) ]


    a r g m i n 𝜃  D KL ( q ‖  p 𝜃 ) =   a r g m a x 𝜃  𝔼 q [ ln  p 𝜃 ( X ) ] .


   x   [ n ] ~ q


   𝔼 q [ ln  p 𝜃 ( X ) ]   ≈    1 N   ∑  n = 1 N ln  p 𝜃 (  x   [ n ] ) .


  L ( 𝜃 ; 𝒟 ) =   ∏  n = 1 N   p 𝜃 (  x   [ n ] ) ,  1 N ln L ( 𝜃 ; 𝒟 ) =  1 N   ∑  n = 1 N ln  p 𝜃 (  x   [ n ] ) .
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   p 𝜋 ( A ) = 𝜋 ,    p 𝜋 ( B ) = 1 − 𝜋


  0 < 𝜋 < 1


  J ( 𝜋 ) =  3 4 ln 𝜋 +  1 4 ln ( 1 − 𝜋 ) .


      J ′ ( 𝜋 )  =  3  4 𝜋 −  1  4 ( 1 − 𝜋 ) = 0    ⟹ 3 ( 1 − 𝜋 ) = 𝜋    ⟹  𝜋 ^ = 0 . 75 .


   𝜋 ^ = 0 . 75


   J ″ ( 𝜋 ) = −  3  4  𝜋 2 −  1  4 ( 1 − 𝜋  ) 2 < 0 .


  J ( 0 . 75 ) ≈ − 0 . 562335


  J ( 0 . 5 ) ≈ − 0 . 693147


  𝒛 =  f 𝜙 ( 𝒙 ) ,  𝒙 ^ =  g 𝜃 ( 𝒛 ) =  g 𝜃 (  f 𝜙 ( 𝒙 ) ) .


  𝒙 ∈  ℝ d


  𝒛 ∈  ℝ m


   𝒙 ^ ∈  ℝ d


  𝜙 , 𝜃


  𝒛


  𝜙 , 𝜃


  𝒛


  28 × 28


  𝒛 = (  z 1 , … ,  z 30  ) ⊤


        𝒙 ^   [ n ]  =  g 𝜃 (  f 𝜙 (  𝒙   [ n ] ) ) ,     m i n  𝜙 , 𝜃   1 N   ∑  n = 1 N     ‖  𝒙   [ n ] −    𝒙 ^   [ n ] ‖ 2 2 .


  ‖ 𝒂  ‖ 2 2 =   ∑ j   a j 2


  m < d


  f ( 𝒙 ) =  x 1 , g ( z ) = ( z , z  ) ⊤ .


   x 1


   x 2 =  x 1


     ( 1 , − 1 ) ⊤


     ( 1 , 1 ) ⊤


     𝒙  ~  p data , 𝒛 =  f 𝜙 ( 𝒙 ) ,    𝒙 ^  =  g 𝜃 ( 𝒛 ) ;


  𝒛 ~ p ( 𝒛 ) ,    𝒙 ~ =  g 𝜃 ( 𝒛 ) .


  p ( 𝒛 )


  f ( 𝒙 ) =  x 1


  g ( z ) = ( z , z  ) ⊤


     ( − 1 , − 1 ) ⊤


     ( 1 , 1 ) ⊤
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