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  x = ( 0 , 2 , 8 , 10 )
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  i


   z i ∈ { 1 , 2 }


  𝜃 = (  𝜋 k ,  𝜇 k ,  𝜎 k 2  )  k = 1 2


   𝜋 k > 0


    ∑ k   𝜋 k = 1


   𝜎 k 2 > 0


  𝒩 ( x ∣ 𝜇 ,  𝜎 2 )


   p 𝜃 ( x , z = k ) =  𝜋 k 𝒩 ( x ∣  𝜇 k ,  𝜎 k 2 )


   p 𝜃 ( x ) =   ∑ k   𝜋 k 𝒩 ( x ∣  𝜇 k ,  𝜎 k 2 )


  x


  x = ( 0 , 2 , 8 , 10 )


  𝜋 = ( 0 . 5 , 0 . 5 )


  𝜇 = ( 2 , 8 )


   𝜎 2 = ( 4 , 4 )


    ∑ i log  p 𝜃 (  x i ,  z i )


  ℓ ( 𝜃 ) =   ∑ i log  [   ∑ k   𝜋 k 𝒩 (  x i ∣  𝜇 k ,  𝜎 k 2 ) ]


   𝜃 t


   q i  t + 1 (  z i ) =  p   𝜃 t (  z i ∣  x i )


   q i


  t


   q i  t + 1


   𝜃 t


   r  i k =    𝜋 k t 𝒩 (  x i ∣  𝜇 k t , (  𝜎 k 2  ) t )    ∑ j   𝜋 j t 𝒩 (  x i ∣  𝜇 j t , (  𝜎 j 2  ) t )


  q


  Q


   Q data ( 𝜃 ,  𝜃 t ) =   ∑ i   E   q i  t + 1 [ log  p 𝜃 (  x i ,  z i ) ]


  Q


   𝜃  t + 1 =   a r g m a x 𝜃  Q data ( 𝜃 ,  𝜃 t )


  𝜃


   𝜃 t


  q


  Q


  Q


  x


  q


  ℒ ( q , 𝜃 ) =  E q [ log  p 𝜃 ( x , z ) − log q ( z ) ]


   p 𝜃 ( x )


  q


  H ( q ) = −   ∑ z  q ( z ) log q ( z )


  q


  q


  log  p 𝜃 ( x ) = ℒ ( q , 𝜃 ) +  D  K L ( q ‖  p 𝜃 ( z ∣ x ) )


   D  K L ( q ‖ p ) =  E q log ( q / p )


  q


  q


  Q


  Q


  Q


  x = ( 0 , 2 , 8 , 10 )


  n = 4


   (  0 . 5 ,  0 . 5 )


   ( 2 , 8 )


   ( 4 , 4 )


  𝒩 ( x ∣ 𝜇 ,  𝜎 2 ) =  1   2 𝜋  𝜎 2 exp  [   − ( x − 𝜇  ) 2  2  𝜎 2 ]


  x = 2


   p 𝜃 (  x i ,  z i = k ) =  𝜋 k 𝒩 (  x i ∣  𝜇 k ,  𝜎 k 2 )


  Q ( 𝜃 ,  𝜃 t ) =   ∑ i    ∑ k   r  i k [ log  𝜋 k + log 𝒩 (  x i ∣  𝜇 k ,  𝜎 k 2 ) ]


   N k =   ∑ i   r  i k


   N 1 =  N 2 = 2


  Q


   𝜋 k  n e w =  N k / n


  2 / 4 = 0 . 5


   𝜇 k  n e w =     ∑ i   r  i k  x i   N k


   𝜇 1  n e w ≈ 1 . 0357


   𝜇 2  n e w ≈ 8 . 9643


   (   𝜎 k 2  )  n e w =      ∑ i   r  i k (  x i −  𝜇 k  n e w  ) 2   N k


  𝒬


  q


  q


  q


  z


  q


  q


  q


  z


  p ( z )


   p 𝜃 ( x ∣ z )


  z


   q 𝜙 ( z ∣ x )


  x


   p 𝜃 ( x , z ) = p ( z )  p 𝜃 ( x ∣ z )


  z


  x


  x


  z


  𝜃


  𝜙


  z


   p 𝜃 ( x , z ) = p ( z )  p 𝜃 ( x ∣ z )


  log p ( z ) − log  q 𝜙 ( z ∣ x )


  ℒ ( 𝜃 , 𝜙 ; x ) =  E   q 𝜙 ( z ∣ x ) [ log  p 𝜃 ( x ∣ z ) ] −  D  K L (  q 𝜙 ( z ∣ x ) ‖ p ( z ) )


  z


  x


  𝜃


  𝜙


  x


  x


   q 𝜙 ( z ∣ x )


  z


   p 𝜃 ( x ∣ z )


  p ( z )


  z


   p 𝜃 ( x ∣ z )


  Q


  𝜃


  𝜙


  Q


  Q


   p 𝜃 (  x i ) > 0


   p 𝜃 (  x i ,  z i )


  𝜃


      𝛻 𝜃 log   ∑ k   p 𝜃 (  x i , k ) =     ∑ k   𝛻 𝜃  p 𝜃 (  x i , k )   p 𝜃 (  x i )   =   ∑ k     p 𝜃 (  x i , k )   p 𝜃 (  x i )  𝛻 𝜃 log  p 𝜃 (  x i , k )


  𝛻 p = p 𝛻 log p


   p 𝜃 (  x i , k )


   p 𝜃 (  x i ,  z i = k )


   r  i k ( 𝜃 ) =  p 𝜃 (  z i = k ∣  x i ) =  p 𝜃 (  x i , k ) /  p 𝜃 (  x i )


  log  p 𝜃 (  x i , k )


   a z > 0


  q ( z ) ≥ 0


    ∑ z  q ( z ) = 1


  log  (   ∑ z q ( z )  a z ) ≥   ∑ z  q ( z ) log  a z


  q


  q


  q ( z ) ≥ 0


    ∑ z  q ( z ) = 1


   p 𝜃 ( x , z ) > 0


  q ( z ) > 0


  x


   a z =  p 𝜃 ( x , z ) / q ( z )


     log  p 𝜃 ( x ) = log   ∑ z  q ( z )    p 𝜃 ( x , z )  q ( z )   ≥   ∑ z  q ( z ) log    p 𝜃 ( x , z )  q ( z ) = ℒ ( q , 𝜃 )


  q ( z ) > 0


  q


  q


   p 𝜃 ( x , z ) / q ( z ) = c


   p 𝜃 ( x ) = c   ∑ z  q ( z ) = c


  q ( z ) =  p 𝜃 ( x , z ) /  p 𝜃 ( x ) =  p 𝜃 ( z ∣ x )


  log  p 𝜃 ( x , z ) − log q ( z )


  q


  log  p 𝜃 ( x , z )


  q


  x


  q


  H ( q ) = −  E q [ log q ( z ) ]


  0 log 0 = 0


  q


  q


  q


     ℒ ( q , 𝜃 ) =   ∑ z  q ( z ) log  p 𝜃 ( x , z ) −   ∑ z  q ( z ) log q ( z )   =  E q [ log  p 𝜃 ( x , z ) ] + H ( q )


  q


   p 𝜃 ( x ) > 0


  q


  q


   p 𝜃 ( z ∣ x ) =  p 𝜃 ( x , z ) /  p 𝜃 ( x )


   D  K L ( q ‖  p 𝜃 ( z ∣ x ) ) =   ∑ z  q ( z ) log   q ( z )  p 𝜃 ( x )   p 𝜃 ( x , z )


   D  K L = log  p 𝜃 ( x ) −   ∑ z  q ( z ) log    p 𝜃 ( x , z )  q ( z )


  log  p 𝜃 ( x ) = ℒ ( q , 𝜃 ) +  D  K L ( q ‖  p 𝜃 ( z ∣ x ) )


  log  p 𝜃 ( x )


  z


    ∑ z  q ( z ) = 1


  Q


   𝜃 t


      q i  t + 1 (  z i ) =  p   𝜃 t (  z i ∣  x i )    Q data ( 𝜃 ,  𝜃 t ) =   ∑ i   E   q i  t + 1 [ log  p 𝜃 (  x i ,  z i ) ]


   E   q i  t + 1


  i


   x i


   q  t + 1 =   ∏ i   q i  t + 1


   ℒ data (  q  t + 1 , 𝜃 ) =   ∑ i   ℒ i (  q i  t + 1 , 𝜃 )


      𝜃  t + 1 =  argmax 𝜃  ℒ data (  q  t + 1 , 𝜃 )   =  argmax 𝜃  Q data ( 𝜃 ,  𝜃 t )


   ℒ data =  Q data +   ∑ i  H (  q i  t + 1 )


  𝜃


  q


  Q


  Q


  ℓ ( 𝜃 ) =   ∑ i log  p 𝜃 (  x i )


   q  t + 1


     ℓ (  𝜃 t ) =  ℒ data (  q  t + 1 ,  𝜃 t )   ≤  ℒ data (  q  t + 1 ,  𝜃  t + 1 )   ≤ ℓ (  𝜃  t + 1 )


   q  t + 1

